Koppelman-Leray-Norguet Formula without Integral on Boundaries and Uniform Estimate for the @-Equation by 邢溯
    10384    
    200223012 UDC:
   
     	
	
 Koppelman-Leray-Norguet 

∂̄− 
Koppelman-Leray-Norguet Formula without Integral on Boundaries and
Uniform Estimate for the ∂̄−Equation
   
   
 

   
      
 2005  4 
 2005  6 
    
 2005  6 
!"# 
! " #
2005 $ 4 %
厦
门
大
学
博
硕
士
论
文
摘
要
库
Koppelman-Leray-Norguet Formula without
Integral on Boundaries and Uniform Estimate
for the ∂̄−Equation
By
Xing Su
Supervisor: Prof. Qiu Chunhui
Dr. Zhong Chunping
Speciality: Pure Mathematics
Direction: Several Complex Variables
Institution: School of Mathematical Science
Xiamen University
Xiamen, China
April, 2005厦
门
大
学
博
硕
士
论
文
摘
要
库
&'$(()*+,%-./
&	
	'


	()	

	)

Æ	


 ():
  
厦
门
大
学
博
硕
士
论
文
摘
要
库
0 *
1	23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
4	23 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
+, 56 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3
+-, 7.89 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
+Æ, /051 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
+:, 	
 Koppelman-Leray-Norguet 

∂̄−  . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
+;, ∂̄− . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
23	< . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
= . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
厦
门
大
学
博
硕
士
论
文
摘
要
库
INDEX
Chinese Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
English Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2
Section 1. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
Section 2. Preparation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
Section 3. Some Lemmas . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
Section 4. Koppelman-Leray-Norguet Formula without bound-
ary integral and Solution of ∂̄−equation . . . . . . . . . . 11
Section 5. Uniform Estimate . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
Reference . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
厦
门
大
学
博
硕
士
论
文
摘
要
库
>?@ABCD Koppelman-Leray-Norguet EFG ∂̄− HIJDKLMN 1
23
R.M.Range [12]  Cn 45
 (0, q)  Koppelman-Leray-Norguet  ∂̄− 6
75 G.M.Henkin
 E.M.Chirka[13]   Koppelman-Leray-Norguet  ∂̄−
 8 [14]  Cn 4!"
 ∂̄− # [12]  Cn 4!
"Æ!Æ Koppelman-Leray-
Norguet  ∂̄− 6$Æ
 Æ%Æ!Æ&Æ!

#"Æ#4
'#$# !"(
'%#$5)#*+9
 ΓK . $&)  %!!" ∂̄- Æ,%
64:#$%
'&# '(:#&"-&" 3.4, '(Æ

''#Æ !Æ Koppelman-Leray-
Norguet  ∂̄− $Æ Æ
%Æ!Æ&Æ!
'## ∂̄- )!6".Æ#
:$
;<= Koppelman-Leray-Norguet  ∂̄- 6

厦
门
大
学
博
硕
士
论
文
摘
要
库
>?@ABCD Koppelman-Leray-Norguet EFG ∂̄− HIJDKLMN 2
ABSTRACT
R.M.Range and Y.T.Siu[12] obtained the Koppelman-Leray-Norguet for-
mula of (0, q) differential form and the solution of ∂̄−equation on the strictly
pseudoconvex domain for the strictly pseudoconvex domain with C(1)smooth
boundary in Cn.They also studied the uniform estimate of the solution of
∂̄−equation.For the strictly pseudoconvex polyhedron with C(1) piecewise smooth
boundary in Cn,G.M.Henkin and E.M.Chirka[13] got the Koppelman-Leray-
Norguet formula and the solution of ∂̄−equation. C.H.Qiu and R.H.Chu[14]
generalized these results to the strictly pseudoconvex polyhedron with not
necessarily smooth boundary in Cn.On the base of [12],the author studies the
integral representations on a strictly pseudocovex domain with not necessar-
ily smooth boundary in Cn,obtains the Koppelman-Leray-Norguet formula and
gives the uniform estimates for solutions of the ∂̄−equation on the domain.The
character of the this formula is that by means of constructing a new integral
kernel,we can replace the boundary integrals by volume integrals such that
the formula does not involve integrals on boundary,therefore, the complex es-
timates of boundary integrals can be avoided.
In the 1th section,the background of this paper is introduced briefly.
In the 2th section,some basic as well as important definitions are given.
Such as the definitions of the strictly pseudoconvex domain, and the submain-
fold ΓK of the closure of the domain,also, the determinant for arbitrary algebra
is defined in this section,which can be applied to the uniform estimate of the
solution of ∂̄−equation.
In the 3th section,Some important lemmas are given.
In the 4th section,by constructing a new kernel,we obtained the Koppelman-
Leray-Norguet formula and the solution of the ∂̄-equation on strictly pseudo-
convex domain with not necessarily smooth boundary in Cn,which does not
involve the integrals on boundary, therefore,the complex estimates of boundary
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integrals can be avoided.
In the 5th section,the author get the uniform estimate of the integral
representation for the solution of ∂̄-equation.
Keywords: strictly pseudoconvex domain, Koppelman-Leray-Norguet
formula,∂̄-equation,uniform estimates.
厦
门
大
学
博
硕
士
论
文
摘
要
库
>?@ABCD Koppelman-Leray-Norguet EFG ∂̄− HIJDKLMN 4
§1 OP
!/*$4(!/%#0*(>Æ)
*%4++,(?),-@*)*%
$@&-+.!/*.//"$0@%/>/
0'()!/*$11!/*$1A#>!,
2 1831  Cauchy +*)B*)C) Cauchy Æ
23&*-Æ,%!Æ.4:#(3 Riemann //#
)"!/4!52+!/*$11!/*$#>
!,!161,-$-DE Cauchy
Æ3!/4!#044-55F!, Cauchy 
Æ [1,2]. '.6%, Cn 4.677 1958 /8 [3,4]
'.6 Cauchy Æ9+'.68Æ."
$/8"$42)062/8123012
++23Æ:; 1959  J.Leray[5] 4  Cn 4 Cauchy-
Fantappié(<9 Cauchy-Leray) Æ 4+1-=9)):
*0%*&) Leray //:#>4"$ Cauchy-Leray 
%,.7 Cauchy F; 1966 56G [6] H ;
Cauchy-Leray 7 '.6 Cauchy 2895*)"$
Cauchy-Leray ?) Cauchy Æ
F;%35? 70 % G.M.Henkin[7,8]  H.Grauert  I.Lieb[9] Æ-
 Cn 4 ∂- Æ2!/Æ,%
@,(++:;2)7!Æ.I#@@#I#8$91/
Cauchy Æ:< [1,2,10].
G.M.Henkin[8]  H.Grauert  I.Lieb[9] ?;<6 ∂̄− 
79Æ-=+ Cn 4 ∂̄− 
682 N.Kerzman[11]  Stein 
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QRSTUVW
R.M.Range [12] 9;  Cn 45
 (0, q)  Koppelman-Leray-Norguet  ∂̄− 7
65G.M.Henkin 
E.M.Chirka[13]   Koppelman-Leray-Norguet  ∂̄−  
8 [14]  Cn 4!"
 ∂̄− # Cn 4!"
Æ,%!Æ Koppelman-Leray-Norguet 
 ∂̄−  ∂̄− )!6$Æ
 Æ%Æ!Æ&Æ!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§2 XJYZ
K[ 2.1. [1,2,10]9 D ) Cn 4: D ⊂⊂ Cn <A
= ∂D (> θ >( C(2) ?8* ρ : θ → R, ;
D ∩ θ = {z ∈ θ|ρ(z) < 0}.
K[ 2.2. [12]< D ⊂⊂ Cn <A D  ∂D 9)5 C(1) :
> ∂D (><<BC {Vk}N1  C(1) * ρk : Vk → R, k =
1, · · · , N , ;==D?L
(1) ∂D ⊆ V1 ∪ · · · ∪ VN ;
(2) > z ∈ V1∪· · ·∪VN , > z ∈ D @=E@> 1 ≤ k ≤ N , ; z ∈ Vk,
ρk(z) < 0;
(3)   HAA 1 ≤ k1 < · · · < kl ≤ N , @$ z ∈ Vk1 ∩ · · · ∩ Vkl
dρk1(z) ∧ · · · ∧ dρkl(z) 	= 0.
{Vk, ρk}N1 9) D AF (frame).
K[ 2.3. [12]9 D ⊂⊂ Cn 5 C(1) > ∂D 
5= D AF {Vk, ρk}N1 4 ρk  C(2) ?8*
G P (N) )' 1 ≤ k1, · · · , kl ≤ N ?A K = (k1, · · · , kl) 
AH P ′(N) )' 1 ≤ k1 < · · · < kl ≤ N @(@IAJ?
A K = (k1, · · · , kl) AH
< D Cn 45<AA Sk = {z ∈ ∂D∩Vk|ρk(z) = 0}, k =
1, · · · , N .  K = (k1, · · · , kl) ∈ P (N), )
SK =
⎧⎨
⎩ Sk1 ∩ · · · ∩ Skl : :' k1, · · · , kl K!B,∅ : #B
CD SK )0;
∂D =
N∑
k=1
Sk;
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∂SK =
N∑
j=1
SKj.
4 ∂D, ∂SK )0Æ-3 D  SK )0EBKj := (k1, · · · , kl, j).
SK )0= K Æ%F9
< D  Cn 45 UD̄  D̄ >@(
1 ≤ k ≤ N ,C(2) G? ρk  UD̄ A
UKD̄ :=
⎧⎨
⎩ {ξ ∈ UD̄|ρk1(ξ) = · · · = ρkl(ξ)} : :' k1, · · · , kl K!B,Æ∅ : #B
=;"(G??L   z ∈ UK
D̄
, (dρk1(z) − dρk2(z)) ∧ · · · (dρk1(z) −
dρkl(z)) 	= 0.
 K = (k1, · · · , kl) ∈ P (N),z ∈ UKD̄ )
ρK(z) := ρkr(z), r = 1, · · · , l.
 K = (k1, · · · , kl) ∈ P (N), )
ΓK =
{
z ∈ UKD̄ |ρj(z) ≤ ρK(z) ≤ 0, j = 1, · · · , N
}
.
> ΓK  D̄ 5 C(2)  C(2) 9=
D̄ = Γ1 ∪ · · · ∪ ΓN ;
∂ΓK = SK ∪ ΓK1 ∪ · · · ∪ ΓKN .
CD ΓK )0;# K Æ%F9=?L Γ1, · · · , ΓN C
 Cn )0=: K ∈ P (N)  1 ≤ j ≤ N ,j /∈ K, > ΓKj )0
−∂ΓK :
G ∆ =
{
λ = (λ0, · · · , λk) ∈ Rk+1|λj ≥ 0,
k∑
j=0
λj = 1
}
 Rk+1 4
k +1@( K ∈ P ′(N), ) ∆K = {λ ∈ ∆|
l∑
r=1
λkr = 1}, CD ∆K
)0; ∂∆K =
l∑
r=1
(−1)r−1∆k1···k̂r···kr , 4 k̂r ,%CD kr.
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# ∂̄−Æ,%4;%)  % (7D
6LM) !!
K[ 2.4. [2,12]< U (% A = (ai,j)  U EH
det A :=
∑
τ∈Sn
sgn(τ)aτ(1),1 · · ·aτ(n),n
.
":) U !!1!!N)!!
B,!I@(>3!I@(>>!)B,!FJG!!
=(>
(1) < A1, A2  U  n +!0% b1, b2 ∈ Z(U), 
det(· · · , b1A1 + b2A2, · · · ) = b1 det(· · · , A1, · · · ) + b2 det(· · · , A2, · · · );
(2) det(· · · , biAi, · · · , bjAj, · · · ) = 0, 4 Ai, Aj  U   n +!0
% bi, bj ∈ Z(U).
4 Z(U) % U 4K
K[ 2.5. < f = ∑
I,J
fIJdz
I ∧ dz̄J - D )
‖f‖ := max
I,J
{‖fIJ‖0,D}
4 fIJ  f L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§3 MNOO
## M#N#'(#&"
OO 3.1. [15]
∑
K∈P ′(N)
(−1)|K|∂(ΓK × ∆0K) =
D̄ × ∆0 +
∑
K∈P ′(N)
(−1)|K|SK × ∆0K −
∑
K∈P ′(N)
ΓK × ∆K .
K[ 3.1. < ρ  Cn  C(2)− A*G
F̂ρ(z, ζ) := 2
n∑
ν=1
∂ρ(ζ)
∂ζν
(ζν − zν) +
n∑
ν,µ=1
∂2ρ(ζ)
∂ζν∂ζµ
(ζν − zν)(ζµ − zµ),
9 F̂ρ  ρ  Levi OPH F̂ρ = z #0= ζ  C(1) ,
Q
OO 3.2. [2] C(2)− * ρ  ζ $ Taylor +)
ρ(z) = ρ(ζ) − ReF̂ρ +
n∑
ν,µ=1
∂2ρ(ζ)
∂ζν∂ζ̄µ
(ζν − zν)(ζ̄µ − z̄µ) + o(|ζ − z|2).
OO 3.3. [2,12]>= z #0= ζ  C(1) ,Q* Fk(z, ζ) :
Cn × Vk −→ C, 1 ≤ k ≤ N . =>.7 A  ε, ; ReFk ≥ ρk(ζ) −
ρk(z) + A|ζ − z|2, 4 ζ, z ∈ Vk, |ζ − z| ≤ ε.
\ 3&" 3.2, >.7 A, ε, ;@ |ζ − z| ≤ ε B ReF̂ρk ≥ ρk(ζ)−
ρk(z) + A|ζ − z|2.
CI C(1) * akν,µ(ζ), ; Vk  sup
ζ∈Vk
∣∣∣∣akν,µ(ζ) − ∂2ρk(ζ)∂ζν∂ζµ
∣∣∣∣ < An2 ,
 Fk(ζ, z) := 2
n∑
ν=1
∂ρk(ζ)
∂ζν
(ζν − zν) +
n∑
ν,µ=1
akν,µ(ζ)(ζν − zν)(ζµ − zµ) N)
J*
OO 3.4. [2,12]< D ⊂⊂ Cn )5{Vk , ρk}N1  D
AF>C@DE Vk 27R ε > 0, α > 0 ) (D∪Vk)×Vk 
C(1) * Φk(z, ζ), Φ̃k(z, ζ) ) (D ∪ Vk)× Vk  C(1) // wk(z, ζ)
?L==D
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(1) Φk(z, ζ), Φ̃k(z, ζ) = z ∈ D ∪ Vk #0Æ
(2) Φk(z, ζ) 	= 0, Φ̃k(z, ζ) 	= 0, @ z ∈ D ∪ Vk, ζ ∈ Vk, = |ζ − z| ≥ ε;
|Φk(z, ζ)| ≥ α(ρk(ζ)− ρk(z) + |ζ − z|2), @ z ∈ D ∪ Vk, ζ ∈ Vk, = |ζ − z| ≤ ε;
|Φ̃k(z, ζ)| ≥ α(−ρk(ζ)−ρk(z)+ |ζ −z|2), @ z ∈ D∪Vk, ζ ∈ Vk, = |ζ−z| ≤ ε;
Φk(z, z) = 0,   z ∈ Vk;
(3) Φ̃k(z, ζ) = Φk(z, ζ), @ z ∈ D ∪ Vk, ζ ∈ Sk;
(4) wk(z, ζ) = z ∈ D ∪ Vk #0Æ
(5) Φk(z, ζ) = 〈wk(z, ζ), ζ − z〉;
(6) Φk(z, ζ) = Fk(z, ζ)Hk(z, ζ). 4 Hk(z, ζ) ( C(1)− *=
0 < C1 ≤ |Hk| ≤ C2 < ∞;
(7) wkν = 2Hj(z, ζ)
∂ρj
∂ζν
+ o(|ζ − z|).
== Rn 4Æ(
OO 3.5. [2]< R < ∞, r =
(
n∑
i=1
x2i
)1/2
,
∫
|x|≤R
x≥0
dx1 · · ·dxn
(x1 + r
2) · · · (xk + r2)rn−k−1
< ∞.
\ S) ∫
|x|≤R
x≥0
dx1 · · · dxn
(x1 + r
2) · · · (xk + r2)rn−k−1
=
1∫
0
dr
rn−k−1
∫
|x|=r
x≥0
dσr
(x1 + r
2) · · · (xk + rk)
,
4 dσr %,EK) r  n − 1 +L7FO) r, A x′ =
(x1, · · · , xn−1), x′′ = (x1, · · · , xn−2).
1
rn−k−1
∫
|x|=r
x≥0
dσr
(x1 + r
2) · · · (xk + rk)
=
∫
|x|=1
x≥0
dσ1
(x1 + r) · · · (xk + r)
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=
∫
|x′|≤1
x≥0
dx1 · · · dxn−1
(x1 + r) · · · (xk + r)
1√
1 − |x′|2
=
∫
|x′′|≤1
x≥0
dx1 · · · dxn−2
(x1 + r) · · · (xk + r)
√
1−|x′|2∫
0
1√
1 − |x′′|2 − x2n−1
=
π
2
∫
|x′′|≤1
x≥0
dx1 · · · dxn−2
(x1 + r) · · · (xk + r)
≤ π
2
lnk(1 +
1
r
)
3
R∫
0
lnk(1 +
1
r
) < ∞, &"J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